An element e of a 3-connected matroid M is said to be contractible provided that M/e is 3-connected. In this paper, we show that a 3-connected matroid M with exactly k contractible elements has at least max
Introduction
In [10] , Tutte introduced the concept of 3-connected matroids and proved the Wheels and Whirls Theorem, namely: wheels and whirls are the only 3-connected matroids without a singleelement deletion or contraction that is 3-connected. Fifteen years latter, Oxley [6] was the pioneer in the study of a larger class of matroids known as the minimally 3-connected matroids. (A 3-connected matroid without a single-element deletion that is 3-connected is said to be minimally 3-connected.) Oxley [6] proved that a minimally 3-connected matroid M with at least four elements has at least 1 2 r * (M) + 1 (1.1)
triads. (See [11] and [9] for extensions of this result.) In this paper, we show that:
E-mail address: manoel@dmat.ufpe.br. For a minimally 3-connected graph G, Halin [1] proved that G has at least 2|V (G)| + 6 5 vertices of degree three. This bound would suggest that a minimally 3-connected matroid M would have at least 2r (M) + 8 5 triads. But the bound suggested by Halin's result does not hold, since Leo [5] constructed an infinite family of minimally 3-connected binary matroids that attain the bound in Theorem 1.1 (see [8] ). This family can be used to conclude that the next theorem is also sharp. We say that a matroid M is cominimally 3-connected provided that M is 3-connected and, for every e ∈ E(M), M/e is not 3-connected. In this note, we prove the dual of these theorems simultaneously: Theorem 1.3. If M is a cominimally 3-connected matroid with at least four elements, then M has at least
triangles.
A fundamental tool in the proof of this theorem is a decomposition proposed in Section 3 of Lemos [3] . This decomposition has also been used to give alternative proofs of the main results of [2, 4] .
Suppose that M is a 3-connected matroid. An element e of M is said to be contractible provided that M/e is 3-connected. Denote by S(M) the set of contractible elements of M. Note that M is cominimally 3-connected if and only if S(M) = ∅. Thus Theorem 1.3 is a consequence of the next result, when we make |S(M)| = 0. Theorem 1.4. If M is a 3-connected matroid with at least four elements, then M has at least
We say that a line L of a 3-connected matroid is large provided that |L| ≥ 3. As a consequence of Theorem 1.3, we have that: Corollary 1.1. Suppose that M is a cominimally 3-connected matroid so that r (M) ≥ 3. If every line of M has at most k points, then M has at least
large lines.
If one adds k − 3 points freely to each large line in the dual of the matroids constructed by Leo [5] , then one obtains an infinite family of matroids that attains the first two bounds of this corollary. The third bound is also sharp, because (1.1) is sharp.
In the next section, we prove Theorem 1.4 and Corollary 1.1. In Section 3, we gave a family of matroids that attains the bound in Theorem 1.4. In this paper, we follow the notation and terminology set in [7] .
Proof of Theorem 1.4
To prove Theorem 1.4, we need the next two lemmas. The first lemma states that the set of contractible elements remain invariant when we delete an element belonging to no large line with exactly three elements.
Therefore f ∈ S(M\e) and so S(M) ⊆ S(M\e). The result follows unless S(M\e)− S(M) = ∅. Assume f ∈ S(M\e)−S(M). Let {X, Y } be a 2-separation of M/ f . As (M\e)/ f is 3-connected, it follows that min{|X − e|, |Y − e|} ≤ 1, say |X − e| ≤ 1. Hence e ∈ X and |X | = 2. Therefore X ∪ f is contained in a large line of M, say X ∪ f ⊆ L 1 . But L 1 − e is a large line of M\e that contains f . So {L 1 − {e, f }, E(M) − L 1 } is a 2-separation of (M\e)/ f ; a contradiction and the result follows.
Let L be a line of a matroid M. We say that a matroid N is obtained from M by adding e freely to L provided that e ∈ E(M), E(N ) = E(M) ∪ e, and
For a 3-connected matroid M, let t (M) be the number of triangles of M and let X (M) be the set of elements of M that belong to at least two large lines of M.
Proof. Observe that |E(M)| ≥ 6, because M is 3-connected and e belongs to at least two large lines. Let {e 1 , . . . , e k } be a k-set disjoint of E(M). If M is the matroid obtained from M by adding e i freely to the line L i , for i ∈ {1, . . . , k}, then M is 3-connected. Moreover, L i ∪ e i is the unique large line of M that contains e i , for i ∈ {1, . . . , k}. By Lemma 2.1, we have that
But M \{e 1 , e 2 , . . . , e k } = M and so
As every large line of M that contains e has at least four elements, it follows, by Lemma 2.1, that Therefore the result follows.
Proof of Theorem 1.4. Suppose this result is not true and choose a counter-example
is minimal in the lexicographic order, where w(M) is defined later, when it is needed. First, we show that
If r (M) < 3, then M is a line and so
As M is a counter-example for this result, it follows that
. . , L n be the large lines of M. Next, we prove that
Suppose that e is a common point of at least two large lines of M, that is, e ∈ X (M). Hence there is a k ≥ 2 such that e belongs to exactly k large lines of
By the choice of M, the result holds for M and so
follows. Now, we show that
If |L i | ≥ 4, for some i ∈ {1, 2, . . . , n}, say i = 1, then M\e is 3-connected, for e ∈ L 1 . By (2.4) and Lemma 2.1, S(M) = S(M\e). Note also that t (M) = t (M\e)+
by the choice of M, the result holds for M\e and so
We arrive at a contradiction, because r * (M) = r * (M\e) + 1 and |E(M)| = |E(M\e)| + 1. Thus (2.6) holds.
. We obtain
If W = ∅ then, by (2.4) and (2.6), 4) ; a contradiction. Therefore (2.7) follows. Now, we show that, for each e ∈ W , there is a 3-separating set X e of M (i.e., {X e , E(M)− X e } is a 3-separation of M) such that
Let {X, Y } be a vertical 2-separation of M/e. (Remember that {X, Y } is a vertical 2-separation of a matroid H provided that min{r H (X ), r H (Y )} ≥ 2 and r H (X ) + r H (Y ) = r (H ) + 1.) By Lemma 3.3 of Lemos [3] , there are 3-connected matroids M X and M Y such that:
(Using the same terminology set in Section 3 of Lemos [3] , for Z ∈ {X, Y }, let M Z be the factor of M with respect to Z having L Z as a special line. Note that e ∈ L Z . As e does not belong to a triangle of M, it follows that |L Z ∩ E(M)| ≤ 2 and so |L Z | = 3. Moreover, we can take
and so
We also have that
and L are the only large lines of N . Note that N is cominimally 3-connected. For Z ∈ {X, Y }, let K Z be the generalized parallel connection along L of M Z and N . Observe that K Z is 3-connected, since both N and M Z are 3-connected. Choose f ∈ L − E(M). (Observe that f exists, because e ∈ L and e does not belong to a triangle of M.) Now, we prove that N Z = K Z \ f is 3-connected. Assume that N Z is not 3-connected. First, we show that there is no triad T * of K Z such that f ∈ T * . If T * exists, then |T * ∩ L| ≥ 2, by orthogonality. As L 1 ∪ L 2 spans L in K Z , it follows that T * ∩ L i = ∅, for some i ∈ {1, 2}; a contradiction to orthogonality, since L ∩ L i = ∅. Hence T * does not exist and so min{|A|, |B|} ≥ 3, for every 2-separation {A, B} of N Z . Choose g ∈ L 1 . Observe that K Z /g is obtained from M Z by adding four points in L, namely: L 1 − g and each element of L 2 . So K Z /g has just one 2-separation and so N Z /g = (K Z \ f )/g has just one 2-separation, since f belongs to a 7-point line of K Z /g. Thus {L 1 − g, E(N Z ) − L 1 } is the unique 2-separation for N Z /g. As {A − g, B − g} is a 2-separation for N Z /g, it follows that L 1 ∈ {A, B}. Similarly, L 2 ∈ {A, B}; a contradiction. Thus N Z is 3-connected. By Lemma 3.3 of Lemos [3] ,
(2.12) By (iv) and (2.12), we conclude that
Note that, by (2.8),
(2.14)
By (2.10) and (2.11), we have that:
If the result holds for both N X and N Y then, for Z ∈ {X, Y },
Adding these inequalities for Z = X and Z = Y , we obtain:
When we replace (2.13)-(2.16) in this inequality, we get:
Hence the result does not hold for N X or N Y , say N X . By the choice of M, r (N X ) ≥ r (M). But, by (2.9), 
and we have (X4).
In the next three paragraphs, we use the vertical 2-separation {X, Y } of M/e to obtain some lower bounds. First, we conclude that:
(2.18) By (X4), X e = Y contains two large lines of M. In particular, n ≥ 2. If S(M) ∩ X = ∅, then M X is also cominimally 3-connected and so X also contains at least two large lines of M. In this case, n ≥ 4. We may assume that |S(M)| = |S(M) ∩ X | = 1, otherwise (2.18) holds. Hence |S(M X )| = 1, by (iv), and, by the dual of the main result of Lemos [2] , M X contains at least two large lines, one of them being a large line of M. In this case n ≥ 3 and (2.18) follows. The next inequality that we prove is the following:
If |W | ≤ 2 then, by (2.4) and (2.6), |E(M)| ≤ 3n + 2 + |S(M)| and so For each e ∈ W , we set
Note that e ∈ W e , by (X1) and (X4), and |W e | ≤ 2, by (X2). We set
Remember that we have chosen the counter-example M so that
is minimal in the lexicographic order. We also have that:
If f ∈ L ie ∩ W e , then let M be the matroid obtained from M by adding an element f not belonging to M freely in L ie . Observe that M \ f is contrary to the choice of M, because
denotes a 3-separating set of M \e satisfying (X1) to (X4), then we can take X g = X g − f , when g = e, and X e = (X e − f ) ∪ f .) Hence f does not exist. Therefore (X5) follows.
For every 2-subset {e, f } of W , we have that (2.4) . If X e = X f , then X e ∩ X f = L 1e because X e and X f are rank-3 closed sets of M, by (X1) and 
By (X4), For i ∈ {1, 2, . . . , m}, choose f i ∈ X e i − W e i . For a basis B of M|W , we establish the following:
(2.25)
spans f 1 ; a contradiction. Thus (2.25) holds. Hence By Cases 1 and 2, m = 2, |S(M)| = 0, n = 4 and so E(M) = X e 1 ∪X e 2 . As M is 3-connected, it follows that 6 = r (X e 1 ) + r (X e 2 ) ≥ r (M) + 2.
Hence r (M) ≤ 4; a contradiction to (2.20).
Note that Corollary 1.1 is a consequence of the next result, when we take M to be cominimally 3-connected, and (1.1).
Theorem 2.1. Suppose that M is a 3-connected matroid so that r (M) ≥ 3. If every line of M has at most k points, then M has at least
. . , L n be the large lines of M. By Lemma 2.2 and the choice of M,
. By Theorem 1.4 applied to M , we have that
Hence n is at least
This is equivalent to n(k + 1) ≥ r * (M) + 6 − 2|S(M )| and n(k + 2) ≥ |E(M)| + 6 − 3|S(M )|.
We arrive at a contradiction, because S(M) = S(M ), by Lemma 2.2.
An extremal example
Let k and l be integers such that k ≥ 0 and l ≥ 4. In this section, we construct a 3-connected matroid M k,l such that
Observe that
Therefore M k,l attains both lower bounds given by Theorem 1.4, for every (k, l), such that k ≥ 0 and l ≥ 4. When we take k = 0, we obtain the matroids constructed by Leo [5] . Let L 1 , L 2 , . . . , L l , W 1 , W 2 , . . . , W k+l−3 , S 1 , S 2 , . . . , S k be pairwise disjoint sets such that |L i | = 3, for every i ∈ {1, . . . , l}, |W i | = 2, for every i ∈ {1, . . . , k + l − 3}, and |S i | = 1, for every i ∈ {1, . . . , k}. Consider the following matroids: 
